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where 9 denotes differentiation of the dependent variable, y, with respect
to the independent variable, x, and y n. the nth derivative, possesses a Lie
symmetry
­ ­
G s j q h 2 .
­ x ­ y
if
Gw nxE s 0, 3 .< Es 0
w nx w xwhere G is the nth extension of G given by 1
n iy1 ­iw nx  i.  jq1.  iyj.G s G q h y y j . 4 .   i. / 5j ­ yis1 js0
The extension is needed to give the infinitesimal transformations in the
derivatives up to y n. induced by the infinitesimal transformations which G
.  .produces in x and y. The symmetries of 1 constitute a Lie algebra under
the operation of taking the Lie Bracket
w xG , G s G G y G G . 5 .1 2 1 2 2 1
 .  .A first integral of 1 associated with the symmetry 2 is a function,
 ny1.. ny1.f x, y, y9, . . . , y , in which the dependence on y is nontrivial,
satisfying the two conditions
Gw ny1x f s 0 6 .
and
df
s 0. 7 .
dx Es0
 .  .The association of f with G, as stated in 6 and 7 , means that f is a first
 .  ny1..  .integral of 1 . Equally a first integral, f x, y, y9, . . . , y , of 1 has a
 .symmetry of the form of 2 if
Gw ny1x f s 0. 8 .
In recent years a number of papers have been devoted to the algebraic
properties of first integrals of scalar ordinary differential equations associ-
ated with their symmetries. The number of symmetries associated with a
differential equation depends upon its internal structure up to an upper
limit which is fixed by the order of the equation and the type of symmetry
under consideration. In this paper we are concerned with point and
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 .contact symmetries only. The symmetry 2 is a Lie point symmetry if the
coordinate functions j and h are functions of x and y only. It is a contact
symmetry if j and h depend upon x, y, and y9 subject to the constraint
w xthat 2, p. 94
­h ­j
s y9 9 .
­ y9 ­ y9
which means that the first extension of G also depends upon x, y, and y9
only. A point symmetry is always a contact symmetry. Note that we do not
restrict j to be a function of x only which is the case for the so-called
w xCartan symmetries 3 .
Lie showed that the maximum number of point symmetries of a scalar
ordinary differential equation was infinite for equations of the first order
w x w x4, p. 114 , eight for equations of the second order 4, p. 405 , and n q 4
w x w xfor equations of the nth order 5, p. 298 . He also 6 classified all the
invariance algebras of dimension one, two, and three for second order
w xequations. Mahomed and Leach 1 showed that higher order linear
equations could have n q 1 or n q 2 point symmetries instead of the
n q 4 for the maximal symmetry case. The contributions of Krause and
w x .Michel 7 should also be noted. Whenever reference is made to linear
equations, we include nonlinear equations which are linearisable by a
 .  .point resp. contact transformation when point resp. contact symmetries
are being considered. Lie also showed that second order equations pos-
w xsessed an infinite number of contact symmetries 2, p. 84 and third order
w x  .at most ten 2, p. 241 . For higher order in standard form it has been
w xshown 8 that equations of maximal symmetry only admit n q 4 contact
w xsymmetries. Abraham-Shrauner et al. 9 showed that the maximal number
of contact symmetries of third order equations could be found in equations
 .which did not have seven the maximum point symmetries in addition to
w xthe Kummer-Schwarz equation given by Lie 2, p. 148 .
w xLeach and Mahomed 10 discussed the algebraic properties of the first
integrals of equations of maximal point symmetry which are represented
by the single equivalence class
y0 s 0. 10 .
It was found that the two functionally independent first integrals
I s xy9 y y 11 .1
I s y9 12 .2
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each possessed three symmetries with the three-dimensional algebra A3, 3
w xin the Mubarakzyanov classification 11 . Furthermore the related integral
I1
I s 13 .3 I2
 .also possessed three symmetries with the same algebra. In the case of 13
the three symmetries are
­
G s y 14 .1 ­ y
­ ­
2G s xy q y 15 .2 ­ x ­ y
­
G s y . 16 .3 ­ x
G is the homogeneity symmetry and for any integral to possess it the1
integral must be homogeneous of degree zero in y. G and G are the2 3
 .non-Cartan symmetries of 10 . Note that, although the integrals have nine
symmetries in all, there are only eight linearly independent symmetries.
The interesting algebraic structure of the symmetries associated with the
 .linear integrals of 10 led to the study of the corresponding algebras of
w xthird order equations with four, five, and seven symmetries 12 and nth
w xorder equations with n q 1, n q 2, and n q 4 symmetries 13 . The
pattern of the second order equations was not maintained. The demonstra-
w xtion by Abraham-Shrauner et al. 9 that contact symmetries are the
appropriate ones to be used in treatments of third order equations led to a
w xstudy 14 of the algebraic properties of the contact symmetries associated
 .with the integrals of third order equations with the symmetry algebra sp 4
which was more extensive than the comparable study of second order
w xequations by Leach and Mahomed 10 .
Second and third order ordinary differential equations have properties
which are peculiar to each and which mark them off from the general nth
order equation. This is the case even for the representative equations of
maximal symmetry. For
y0 s 0 17 .
there are eight point symmetries, six of which are of Cartan form, and two
of which are not. In the case of
y- s 0 18 .
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the seven point symmetries are all of Cartan form, but there are three
additional intrinsically i.e., contain derivatives when the equation is in
.standard form contact symmetries and the consideration of third order
equations without contact symmetries is as incomplete as the consideration
of second order equations without the non-Cartan point symmetries.
However,
y n. s 0 19 .
w xhas only n q 4 point symmetries all of which are of Cartan type 5, p. 298 .
It is this variation in the type, rather than in the number apart from the
.fact that it is maximal , of symmetries which suggests that the generic
behaviour for ordinary differential equations of maximal symmetry is not
to be found at the second or third order, but at the fourth order.
It is the intention of this paper to demonstrate this feature and to
describe the generic properties of the algebras of the symmetries of first
integrals of scalar ordinary differential equations thereby to increase
awareness of the algebraic features of first integrals of these equations. In
this sense the paper is a theoretical discussion. However, there are
possible practical applications. The symmetries of higher order nonlinear
ordinary differential equations are very difficult to calculate even with
symbolic manipulation codes. The calculation of symmetries of first inte-
grals of those equations is somewhat easier. In the case that the nonlinear
equation belongs to one of the equivalence classes of the equations
discussed here and one has the good fortune to light upon an appropriate
first integral the number of symmetries and their algebra will indicate the
path to linearisation and consequent solution. That the algebra is a proper
subalgebra of the algebra of the differential equation makes the identifica-
tion of the correct transformation all that much easier. A simple example
is given in Section 6.
2. METHODOLOGY
There is a certain ambiguity in the treatment of the symmetries of the
 .first integrals. In the case of the second order equation, 10 , we recalled
 .  .  .that the three first integrals, 11 , 12 , and 13 , each had three point
symmetries and that the algebras were isomorphic. However, this is not the
 .  .  . w xcase for any combination, other than 13 , of 11 and 12 10 . We do seek
those first integrals which have, in some sense, a maximal number of
symmetries. To make comparison from one order to another feasible it is
necessary to use as much of the common structure for the algebras of the
differential equations as is possible. To this end we use the form given by
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w x   . .Mahomed and Leach 1 , nA [ sl 2, R [ A , to which the two non-1 s 1
Cartan symmetries are to be added when n s 2 and the three purely
contact symmetries are to be added when n s 3. We use [ to denote thes
.semidirect sum. To each of these symmetries there corresponds a first
integral and it is the symmetries of these integrals which we consider. For
an nth order equation there are n y 1 integrals associated with each
symmetry of the nth order equation and the first integral mentioned above
is an arbitrary function of these. We select n y 1 of these arbitrary
independent functions in such a way as to have the maximum number of
symmetries possible.
 .In the case of 18 there are three functionally independent first inte-
w xgrals which we take to be 14
1 2I s x y0 y xy9 q y 20 .1 2
I s xy0 y y9 21 .2
I s y0 22 .3
w xwhich have been shown 12 to possess maximal symmetry. In terms of I ,1
 .I , and I the integrals associated with the symmetries of 18 are given2 3
w x 14 in Table I. Note that each symmetry has two integrals denoted by p
.and q since the equation is of the third order. In Table II we list the
w xsymmetries 14 associated with each integral given in Table I in terms of
 .  .the symmetries of 18 and combinations thereof and the corresponding
w xalgebra according to the Mubarakzyanov classification 11 . We observe
that the algebras are either three-dimensional or four-dimensional. The
1   .latter is always A , but the former are either A also known as E 1, 1 ,4, 9 3, 4
TABLE I
The First Integrals Associated with the Ten Contact Symmetries of y- s 0
Symmetry p q
G I I1 2 3
G I I2 1 3
G I I3 1 2
1 2G I I I y I4 3 1 3 22
1 2G I I I y I5 2 1 3 22
1 2G I I I y I6 1 1 3 22
G I rI I rI7 2 3 3 1
1 2 .G I rI I I y I rI8 2 3 1 3 2 32
1 2 .G I rI I I y I rI9 3 1 1 3 2 12
1 2 .G I rI I I y I rI10 1 2 1 3 2 22
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TABLE II
The Contact Symmetries and Algebras of the Integrals
Integral Symmetries Nonzero Lie brackets Algebra
1w xI X s G X , X s X A1 11 2 11 13 12 4, 9
w xX s G X , X s yX12 3 11 14 11
w xX s G X , X s y2 X13 7 12 14 12
w xX s G y G X , X s yX14 6 4 13 14 13
w x   ..I X s G X , X s X A E 1, 12 21 1 21 23 21 3, 4
w xX s G X , X s yX22 3 22 23 22
X s G23 6
1w xI X s G X , X s 2 X A3 31 1 31 34 31 4, 9
w xX s G X , X s yX32 2 32 33 31
w xX s G X , X s X33 5 32 34 32
w xX s G q G X , X s X34 6 4 33 34 33
w x   ..I s I rI X s G X , X s X A E 1, 14 3 2 41 1 41 42 41 3, 4
w xX s G X , X s X42 4 42 43 43
X s G43 8
w x   ..I s I rI X s G X , X s yX A sl 2, R5 3 1 51 4 51 52 52 3, 8
w xX s G X , X s X52 2 51 53 53
w xX s G X , X s y2 X53 9 52 53 51
w x   ..I s I rI X s G X , X s yX A E 1, 16 2 1 61 4 61 62 62 3, 4
w xX s G X , X s X62 3 61 63 63
X s G63 10
1 2 w x   ..I s I I y I X s G X , X s X A sl 2, R7 1 3 2 71 5 71 72 71 3, 82
w xX s G X , X s 2 X72 6 71 73 72
w xX s G X , X s X73 7 72 73 73
1w xI s I rI X s G X , X s X A8 7 3 81 5 81 82 81 4, 9
w xX s G y G X , X s 2 X82 6 4 81 84 83
w xX s G X , X s yX83 8 82 83 83
w xX s G X , X s yX84 9 82 84 84
w x   ..I s I rI X s G X , X s X A E 1, 19 7 2 91 8 91 92 91 3, 4
w xX s G X , X s X92 6 92 93 93
X s G93 10
1w xI s I rI X s G q G X , X s X A10 7 1 101 6 4 101 102 102 4, 9
w xX s G X , X s X102 7 101 103 103
w xX s G X , X s 2 X103 9 101 104 104
w xX s G X , X s y2 X104 10 102 103 104
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. the algebra of the pseudo-Euclidean group in the plane or A much3, 8
 ..better known as sl 2, R . This already indicates two departures from the
 .results for 17 in that the dimensions of the algebras are not the same and
also the three-dimensional algebras differ not only from that of the second
order case, A , but within themselves. Perhaps even more surprising is3, 3
1 w xthat A is not a subalgebra of A 15 .3, 3 4, 9
With the example of the third order equation before us we shall present
the results for the fourth order equation of maximal symmetry, viz.
y i¨ s 0, 23 .
in Sections 3 and 4. In Section 5 our discussion addresses, among a
number of observations, the matter of the general equation
y n. s 0. 24 .
3. SYMMETRIES AND THEIR INTEGRALS
 .Equation 23 is the representative equation of the fourth order with the
maximum number of symmetries which is eight with the algebraic struc-
  ..ture A [ sl 2, R [ 4 A . The symmetries are1 s 1
­
G s1 ­ y
­
G s x2 ­ y
­
1 2G s x3 2 ­ y
1 ­
3G s x4 6 ­ y
­
G s5 ­ x
­ 3 ­
G s x q y6 ­ x 2 ­ y
­ ­
2G s x q 3 xy7 ­ x ­ y
­
G s y . 25 .8 ­ y
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The first four symmetries are called the solution symmetries since the
coefficient of ­r­ y is a solution of the original differential equation. In
this respect the linear superposition principle is one of the banes of linear
differential equations. It is necessary to be able to solve the equation
before most of the symmetries can be determined. In this respect nonlin-
.ear equations are more amenable to treatment. G through G are the5 7
 .  .elements of sl 2, R appropriate to 23 . For an nth order equation of
w xmaximal symmetry they have the form 1
­ n y 1 ­
G s a x q a9 x y , 26 .  .  .
­ x 2 ­ y
 .where a x is one of the three solutions of the self-adjoint equation
n q 1 ! .
X1a- q B a9 q B a s 0, 27 .ny2 ny22n y 2 !4! .
where B is the coefficient of y ny2. when the equation is cast intony2
normal form. The final symmetry, G , follows from the homogeneity of the8
differential equation in y and its derivatives which happens to coincide
with linearity in this case.
In calculating the first integrals associated with each of G through G1 8
 .  .according to Eqs. 6 and 7 we find that four functionally independent
linear first integrals occur. To make the reportage of our results more
compact we express all other integrals in terms of them. They are
1 13 2I s x y- y x y0 q xy9 y y1 6 2
1 2I s x y- y xy0 q y92 2
I s xy- y y03
I s y-. 28 .4
With each symmetry there will be associated three functionally indepen-
dent first integrals. This follows from the solutions to the two first order
 .  .partial differential equations 6 and 7 for the first integral associated
 .with a particular symmetry. In 6 there are five variables, x, y, y9, y0, and
 .y-, and so four characteristics. This means that 7 has four variables and
hence three characteristics each of which is a first integral. The integrals
belonging to the symmetries are listed in Table III.
In comparison with the integrals listed in Table I less those associated
.with the purely contact symmetries, G y G for y- s 0 we note a8 10
number of similarities and differences. The solution symmetries, G y G ,1 4
simply form a permutation with three of the linear integrals. The labelling
.was chosen to highlight this feature. The homogeneity symmetry, G , has8
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TABLE III
i¨The First Integrals Associated with the Eight Point Symmetries of y s 0
Symmetry First integrals
G I I I1 2 3 4
G I I I2 3 4 1
G I I I3 4 1 2
G I I I4 1 2 3
1 12 3 2G I I I y I I I I y I y I I5 4 2 4 3 2 3 4 3 1 42 3
1 1y3 3G I I I I I I6 1 4 2 4 3 4
2 42 3 2G I I I y I I I I y I y I I7 1 1 3 2 1 2 3 2 1 43 3
G I rI I rI I rI8 1 2 2 3 3 4
the three independent ratios of the linear integrals. Any other indepen-
dent set of three could equally be chosen. The ratios are the only integrals
possible for G since any integral associated with it must be of zero degree8
in y.
These are the anticipated generalisations of the corresponding results
 .for y- s 0 and, indeed, for y0 s 0. For 24 we may infer that each of the
n solution symmetries will have n y 1 of the n functionally independent
linear integrals associated with it and that, by a suitable choice of labels as
 .  .was made for 18 and 23 , the one symmetry label and the n y 1 integral
labels will be a cyclic permutation of the integers 1 through n. Equally
confidently we infer that the homogeneity symmetry, G , will have n y 1nq4
independent ratios of the linear integrals associated with it.
 .In the case of the representation of sl 2, R , which is common to all
linear equations of maximal symmetry, the situation is not so clear. To give
more scope for observation we list the corresponding relationships for
y0 s 0. They are
­
G s I3 2­ x
­ ­
1G s x q y I I 29 .4 1 22­ x ­ y
­ ­
12G s x q xy I ,5 12­ x ­ y
 .  .  .where, in the spirit adopted for 18 and 23 , the sl 2, R symmetries have
been listed after the solution symmetries and
I s xy9 y y1
I s y9. 30 .2
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One point should be made before we continue. Since the first and third of
 .the two symmetries in sl 2, R are related by the transformation
1 y
x ª y y ª 31 .ny1x x
 .and the second is invariant under 31 , we need only consider the first two
symmetries, invariance under translation in the independent variable and a
self-similar transformation. The integrals of the so-called conformal sym-
metry follow from those of invariance under translations in x by the
 . .application of 31 .
There are two problems. The first is the form of the expressions for the
more complicated integrals associated with ­r­ x. Under the labelling
scheme adopted, I can always be taken as the first representative. Then
first representative for the self-similar symmetry differs from the even
order equations to the odd order equation. This provides the necessary
hint and we have
PROPOSITION 1. One of the integrals associated with the self-similar sym-
metry
­ n y 1 ­
G s x q y 32 .
­ x 2 ­ y
of
y n. s 0 33 .
is
J s I I 34 .1 1 n
when n is e¨en and
J s I 35 .1 nq1.r2
when n is odd, where the numbering of the functionally independent linear first
 .integrals of 33 is according to the scheme
knyi y1 .
ny iyk ny1yk .I s x y , i s 1, n. 36 .i n y i y k ! .ks0
The result follows trivially from Proposition 3.
Associated with the self-similar symmetry there is another problem. We
 .choose this symmetry so that the subalgebra sl 2, R occurs naturally
within the list of symmetries of the equation. However, the homogeneity
symmetry, G , can be added without changing the nature of the self-sim-nq4
ilar symmetry.
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4. INTEGRALS AND THEIR SYMMETRIES
The Lie point symmetries associated with each of the first integrals
 .listed in Table III are calculated following the prescription of 6 using the
w xsymbolic code Program LIE 16 . The integrals, symmetries, nonzero Lie
Brackets, and algebras are given in Table IV. The symmetries are written
as X in which the label i refers to the integral number and the label j toi j
the number of the symmetry within the integral's algebra. The relationship
 .of these symmetries to those of the differential equation 23 is also given.
5. DISCUSSION
w xThe linear integrals, as expected 13 , have either five or four symme-
tries. Three of these are solution symmetries and, in the way the labelling
has been arranged, the solution symmetry not included is the one of the
number of the integral. The action of the omitted symmetry on the
integral is a constant, q1 for I and I and y1 for I and I due to the2 4 1 3
.way the integrals have been defined. The integrals with five symmetries
have either G or G which are equivalent under the transformation5 7
1 y
x ª y y ª . 37 .3x x
The remaining symmetry is a combination of the self-similar G and the6
homogeneity G of the form8
2 i y 5
X s G q G , i s 1, 4. 38 .i 6 82
Similar combinations occur for some of the other integrals. This does
suggest that the choice of the form of the self-similar symmetry is at our
disposal and that we should not be constrained by the form of G as it6
 .occurs in the list of symmetries for 23 . This has some impact on the
expressions for the integrals associated with the self-similar symmetry. If
we take it to be of the form
­ ­
G s x y ay , 39 .
­ x ­ y
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TABLE IV
The Point Symmetries and Algebras of the Integrals
Integral Symmetries Nonzero Lie brackets Algebra
1w xI X s G X , X s yX A1 11 2 11 14 11 4, 9
w xX s G X , X s 4 X12 3 11 15 12
w xX s G X , X s y2 X13 4 12 14 12
3 3w xX s G y G X , X s X14 6 8 12 15 132 2
w xX s G X , X s X15 7 14 15 15
w x   ..I X s G X , X s X A E 1, 12 21 1 21 24 21 3, 4
w xX s G X , X s yX22 3 22 24 22
w xX s G X , X s y2 X23 4 23 24 23
1X s G y G24 6 82
1w xI X s G X , X s 2 X A3 31 1 31 34 31 4, 9
w xX s G X , X s X32 2 32 34 32
w xX s G X , X s yX33 4 33 34 33
1X s G q G34 6 82
1w xI X s G X , X s 3 X A4 41 1 41 45 41 4, 9
w xX s G X , X s yX42 2 42 44 41
w xX s G X , X s 2 X43 3 42 45 42
w xX s G X , X s y2 X44 5 43 44 42
3 w xX s G q G X , X s X45 6 8 43 45 432
w xX , X s X44 45 44
w x   ..I s I rI X s G X , X s X A E 1, 15 1 2 51 3 51 52 51 3, 4
w xX s G X , X s X52 4 52 53 52
X s G53 8
w x  .I s I rI X s G X , X s X A D m T6 2 3 61 1 61 63 61 3, 3 s 2
w xX s G X , X s X62 4 62 63 62
X s G63 8
w x   ..I s I rI X s G X , X s X A E 1, 17 3 4 71 1 71 73 71 3, 4
w xX s G X , X s X72 2 72 73 73
X s G73 8
1 2 1r2w xI s I I y I X s G X , X s X A8 2 4 3 81 1 81 83 81 3, 52
1w xX s G X , X s X82 83 82282 5
1 1 .X s G q G83 6 82 2
1 3 w xI s I I I y I X s G X , X s X 2 A9 2 3 4 3 91 5 91 92 91 13
12yI I X s G q G1 4 92 6 82
w x   ..I s I I X s G X , X s X A E 1, 110 1 4 101 2 101 103 101 3, 4
w xX s G X , X s yX102 3 102 103 102
X s 2G103 6
1r3 y1r3w xI s I I X s G X , X s X A11 1 3 111 1 111 113 111 3, 5
1w xX s G X , X s X112 3 112 113 1123
2X s G113 63
y1r3 1r3w xI s I I X s G X , X s X A12 1 2 121 1 121 123 121 3, 5
1w xX s G X , X s X122 2 122 123 1223
2X s G123 63
2 2 1r2w xI s I I y I X s G X , X s X A13 1 3 2 131 4 131 133 131 3, 53
1w xX s G X , X s X132 7 132 133 1332
1 1 .X s y G y G133 6 82 2
4 13 w xI s I I I y I X s G y G X , X s X 2 A14 1 2 3 2 141 6 8 141 142 142 13 2
2yI I X s G1 4 142 7
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where a is a parameter, the three integrals are
J s Iya raq3.I 40 .1 4 1
J s Iy aq1.raq3.I 41 .2 4 2
J s Iy aq2.raq3.I . 42 .3 4 3
Equivalently other combinations may be taken. For example, if I were1
taken as the integral to have the fractional power associated with it, we
would have
K s Iy aq3.r aI 43 .1 1 4
K s Iy aq2.r aI 44 .2 1 3
K s Iy aq1.r aI . 45 .3 1 2
In the cases of the four forms of the self-similarity symmetry found in the
algebras we find the following sets of integrals
X : J s I14 1 1
J s Iy1r3I2 4 2
J s Iy2r3I3 4 3
X : J s I 1r2I24 1 4 1
J s I2 2
J s Iy1r2I3 4 3 46 .
X : J s I 2I34 1 4 1
J s I I2 4 2
J s I I3 4 3
X : J s I44 1 4
J s Iy2r3I2 1 2
J s Iy1r3I .3 1 3
The symmetries of the ratio integrals all have the same algebras. There
are three symmetries with the algebra A which represents dilatations3, 3
and translations in the plane. Two of the symmetries are the solution
symmetries of subscript not one of the two integrals in the ratio and the
third is the expected homogeneity symmetry, G . We note that this algebra8
 .is the same as for the ratio integral of 17 although that algebra used
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 .non-Cartan symmetries. The three ratio integrals of 18 are different.
Although they are three-dimensional, the algebras are A the algebra of3, 4
 ..the pseudo-Euclidean group E 1, 1 for the ratios I rI and I rI . For1 2 3 2
  ..I rI it is A or sl 2, R . These algebras involved one truly contact1 3 3, 8
symmetry. Given the conflicting information from the three equations as
far as the algebras of their ratio integrals are concerned it is not immedi-
ately evident what the general situation is. However, if we consider just the
Cartan symmetries, we find the following pattern for the algebras of the
ratio integrals. If we denote a ratio integral by Rk , where i and j are thei j
labels of the two linear integrals comprising the ratio integral and k is the
order of the equation, we have
­
2  4R : G s y12  5­ y
­ ­
3  4R : G s q s ; m / i , ji j m 5  5­ y ­ y
­ ­ ­
4  4R : G s q s , s ; m , n / i , j ,i j m n 5  5­ y ­ y ­ y
 .  .where s and s are solutions of 18 or 23 . Thus we are led tom n
PROPOSITION 2. The number of symmetries associated with the ratio of
any two linear first integrals of an nth order scalar ordinary differential
equation is n y 1, where n G 4. The symmetries consist of the homogeneity
 .symmetry y ­r­ y and n y 2 solution symmetries. The Lie algebra of the
 .symmetries is n y 2 A [ A .1 s 1
Proof. Since the linear integrals are each homogeneous of degree one
 .in y, the ratio integral is of degree zero in y and so possesses y ­r­ y as a
symmetry.
Let the linear integrals be labelled I y I and the solution symmetries1 n
G y G in such a way that1 n
Gw ny1xI s 0, i / ji j
 w ny1x .as noted above G I s "1 depending on the value of i . Theni i
I Gw ny1xI I y I Gw ny1xI . .j i j k j i kw ny1xG si 2 /I Ik k
s 0
provided
Gw ny1xI I y I Gw ny1xI s 0. 47 . . .i j k j i k
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If i / j, k, this is true. Hence there are at least n y 2 solution symmetries
for I rI . There are also at most n y 2 solution symmetries since j / kj k
 .  .and, if i s k say , 47 would require I to be zero. The symmetries of thej
 . .ratio integral comprise solution symmetries of the form s x ­r­ y ,m
 . n.where s x is one of the fundamental solutions of y s 0, and them
 .homogeneity symmetry, y ­r­ y . The algebra of the solution symmetries
 .admitted by the ratio integral is n y 2 A and, since1
­ ­ ­
s x , y s s x , .  .m m­ y ­ y ­ y
 .the algebra is n y 2 A [ A . Q.E.D.1 s 1
We have now been able to explain the algebras of the linear and ratio
integrals in general. It now remains to deal with those associated with the
 .three symmetries of sl 2, R . It is well to recall them. For y0 s 0 we have
­
G s , J s y93 1­ x
­ ­
1G s x q y , J s y9 xy9 y y s J J .4 2 1 32­ x ­ y
­ ­
2G s x q xy , J s xy9 y y.5 3­ x ­ y
J and J are the two linear integrals and have three Cartan symmetries1 3
whereas J has only one Cartan symmetry. They are2
­
J : X s1 11 ­ y
­
X s12 ­ x
­ ­
X s x q y13 ­ x ­ y
­ ­
1J : X s x q y2 21 2­ x ­ y
­
J : X s x3 31 ­ y
­ ­
2X s x q xy32 ­ x ­ y
­
X s x .33 ­ x
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The algebras are A for the symmetries of J and J and A for that of3, 3 1 3 1
J .2
The situation for the third order equation presents an anomaly due to
 .the behaviour of the symmetries of sl 2, R and the solution integrals
 .under the transformation 35 for which
G ª G G ª G G ª G5 7 6 6 7 5
I ª I I ª I I ª I .1 3 2 2 3 1
This does not have much effect on the single integrals, I , I , and I , but it1 2 3
1 2does on the quadratic integral, I I y I , which is invariant under the1 3 22
 . transformation 37 . The reader will appreciate the resemblance to the
w x .generalised Kummer-Schwarz equation 17 . This is why this integral
 .possesses the sl 2, R algebra of its symmetries in contrast to the A ,3, 3
A , and A1r2 found for the integrals of the second and fourth order3, 4 3, 5
equations. In fact this labelling is a little misleading. The nonzero Lie
Brackets of the three algebras, A , A , and A1r2, are respectively3, 3 3, 4 3, 5
w x w xG , G s G , G , G s G1 3 1 2 3 2
w x w xG , G s G , G , G s yG1 3 1 2 3 2
< <w x w xG , G s G , G , G s aG , 0 - a - 1.1 3 1 2 3 2
By expanding the range of definition of a to unit modulus these three
algebras are variations of the one form which we denote by Aa with Lie3, 5
Brackets
< <w x w xG , G s G , G , G s a G , 0 - a F 11 3 1 2 3 2
to avoid confusion with the more standard notation. In this way we obviate
a plethora of labels for what is essentially the one algebra. The numerical
coefficient other than 1 depends upon the order of the equation and the
number of the integral being considered.
2 .We have noted that for n G 4 the treatment of the ­r­ x and x ­r­ x
 .  .q n y 1 xy ­r­ y symmetries and their associated integrals is equivalent
 .under the transformation 37 . Consequently the only two symmetries with
 .  . .  .which we must deal are ­r­ x and x ­r­ x q n y 1 r2 y ­r­ y . It is
not surprising that these should be the most complex of all the symmetries.
In fact there is insufficient information in the cases considered and we add
the results for y ¨ . s 0 and y ¨ i. s 0. We first note some of the properties
 .of the linear integrals as they are defined in 36 . For the linear integrals
of y n. s 0 we have
nq jw ny1xG I s y1 d , i , j s 1, n 48 .  .i j i j
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for G a solution symmetry,i
I , 1 F j F n y 1jq1w ny1xG I s 49 .nq1 j  0, j s n ,
where G s ­r­ x, andnq1
n q 1 y 2 j
w ny1xG I s I , 50 .nq2 j j2
1  .where G s x­r­ x q n y 1 y­r­ y. This accounts for the two mem-nq2 2
 .bers of sl 2, R with which we must treat. In addition we have
w ny1x w xG I s n y j I , 51 .s1 j j
 .where G s x­r­ x q n y 1 y­r­ y, ands1
w ny1x w xG I s n y j y 1 I , 52 .s2 j j
 .where G s x­r­ x q n y 2 y­r­ y. The necessity for considering Gnq2 s1
and G becomes evident shortly.s2
As we do not have labels for all of the algebras to be considered, we
simply label them by the two subalgebras they contain. The first subalge-
 .bra consists of solution symmetries and the second of elements of sl 2, R .
In Table V we list the integrals associated with G for n s 4, 5, and 6nq1
and the algebras associated with the integrals. The A algebra consists of2
TABLE V
i¨ ¨ ¨ iIntegrals and Associated Algebras of G for y s 0, y s 0, and y s 0nq 1
Equation Integrals Algebras
i¨y s 0 I 3 A [ A4 1 s 2
1 2I I y I A [ A2 4 3 1 s 22
1 3 2I I I y I y I I A2 3 4 3 1 4 23
¨y s 0 I 4 A [ A5 1 s 2
1 2I I y I 2 A [ A3 5 4 1 s 22
1 3 2I I I y I y I I A [ A3 4 5 4 2 5 1 s 23
1 12 4 2 3I I I y I y I I I q I I A3 4 5 4 2 4 5 1 5 22 8
¨ iy s 0 I 5 A [ A6 1 s 2
1 2I I y I 3 A [ A4 6 5 1 s 22
1 3 2I I I y I y I I 2 A [ A4 5 6 5 3 6 1 s 23
1 12 4 2 3I I I y I y I I I q I I A [ A4 5 6 5 3 5 6 2 6 1 s 22 8
1 13 5 2 2 2 4I I I y I y I I I q I I I y I I A4 5 6 5 3 5 6 2 5 6 1 6 26 30
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G and G for the G first integral and G and G for thenq1 s1 nq1 nq1 s2
subsequent integrals. We note that all of the integrals have both G andnq1
G as symmetries. The number of solution symmetries decreases as thenq2
number of linear integrals included in each integral increases. To take the
case of y ¨ . s 0, for example, I is invariant under four solution symme-5
tries, the second integral contains three of the linear integrals and these
can only have two solution symmetries in common. Hence the number of
these drops from four to two. The third integral introduces the linear
integral I and the number of solution symmetries is reduced to one. This2
single symmetry is lost in the fourth integral when I is introduced.1
The pattern for the algebraic structures of the integrals associated with
G is clear from Table V. It is also evident that, as the order of thenq1
equation increases by one, an additional integral is added to the list for the
previous equation and that the subscripts for the existing ones are in-
creased by one. Hence the problem of determining the integrals is reduced
to finding a homogeneous polynomial of degree n y 1 in I y I which is1 n
invariant under the action of Gw ny1x.nq1
We turn now to the self-similar symmetry, G . The integrals and thenq2
algebras of their symmetries are listed in Table VI, also for the three
equations y i¨ s 0, y¨ s 0, and y¨ i s 0. Recalling that in the case of
y0 s 0 the integral was I I with the single Cartan symmetry G s x­r­ x1 2 4
1q y­r­ y and for y- s 0 the integral was I with the anomalous A2 3, 42
algebra, the pattern for the self-similar symmetry is clear to see. We have
PROPOSITION 3. For
y n. s 0, n G 4 53 .
TABLE VI
i¨ ¨ ¨ iIntegrals and Associated Algebras of G for y s 0, y s 0, and y s 0nq 2
Equation Integrals Algebras
i¨  .y s 0 I I 2 A [ G A1 4 1 s 6 3, 4
1r3 1r3 .I I 2 A [ G A2 4 1 s 6 3, 5
y1r3 1r3 .I I 2 A [ G A3 4 1 s 6 3, 5
¨y s 0 I I 3 A [ G1 5 1 s 7
1r2I I 3 A [ G2 5 1 s 7
I 4 A [ G3 1 s 7
y1r2I I 3 A [ G4 5 1 s 7
¨ iy s 0 I I 4 A [ G1 6 1 s 8
3r5I I 4 A [ G2 6 1 s 8
1r5I I 4 A [ G3 6 1 s 8
y1r5I I 4 A [ G4 6 1 s 8
y3r5I I 4 A [ G5 6 1 s 8
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there are n y 1 integrals associated with the symmetry
­ n y 1 ­
G s x q y 54 .
­ x 2 ­ y
of the form
J s I I nq1y2 i.rny1. , i s 1, . . . , n y 1. 55 .i i n
 .  .Proof. We first confirm that 54 is a symmetry of 53 . The nth
 .   ..extension of 54 is using 4
n­ n y 1 ­
w nx  i.G s x q y i y . 56 .  i. /­ x 2 ­ yis0
 .  .Operating on 53 with 56 gives
n y 1
n.y n y s 0, 57 . /2
 .which, given 53 , is identically satisfied.
 .For the determination of the first integrals associated with 54 we
 .require the n y 1 st extension of G, viz.
ny1­ n y 1 ­
w ny1x  i.G s x q y i y . 58 .  i. /­ x 2 ­ yis0
If we assume the form
I s f x , y , y9, . . . , y ny1. 59 . .
for the first integral, the associated Lagrange's system of
Gw ny1xI s 0 60 .
is
dx dy dy i.
s s ??? s  i.x n y 1 yr2 n y 1 r2 y i y .  . .
dyny1.
s ??? s . 61 .ny1.y n y 1 y r2 .
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 . The first set of n characteristics comprises taking combinations of the
 ..first and ith terms in 61
u s x 1yn.r2 y1
u s x 3yn.r2 y92
...
u s x 2 iyny1.r2 y  iy1.i
62 .
u s x 2 iynq1.r2 y  i.iq1
...
u s x ny3.r2 y ny2.ny1
u s x ny1.r2 y ny1. .n
 .The first integral 59 now has the form
I s g u , i s 1, . . . , n , 63 .  .i
 .where the u are given in 62 .i
The final requirement that
dI
s 0 64 .
n.dx y s0
gives the linear first order partial differential equation
ny1 2 i y n q 1 ­ f
2 iynq1.r2y1  i. 2 iynq1.r2  iq1.x y q x y s 0,  /2 ­ uiq1is0
65 .
n.  .  .where we have substituted for y from 53 . Multiplying 65 by x and
 .using 62 we obtain
n 2 i y n y 1 ­ f
u q u s 0 66 . i iq1 /2 ­ uiis1
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with the associated Lagrange's system
du1
1 y n u r2 q u . 1 2
du du2 is s ??? s
3 y n u r2 q u 2 i y n y 1 u r2 q u .  .2 3 i iq1
du duiq1 ny1s s ??? s
2 i y n q 1 u r2 q u n y 3 u r2 q u .  .iq1 iq2 ny1 n
duns . 67 .
n y 1 r2u . n
 .The second set of n y 1 characteristics is obtained by taking combina-
 .tions of the ith and final terms in 67 . Starting with i s n y 1 we have to
solve
du n y 3 u 2ny1 ny1s q . 68 .
du n y 1 u n y 1n n
This linear equation is easily integrated to
u u3yn.rny1. s u2rny1. q ¨ , 69 .ny1 n n ny1
where ¨ is the constant of integration which we take to be the firstny1
characteristic, i.e.,
¨ s u u3yn.rny1. y u2rny1. . 70 .ny1 ny1 n n
 .Substituting for u from 62 we havei
 .  .  .3yn r ny1 2r ny1ny3.r2 ny2. ny1.r2 ny1. ny1.r2 ny1.¨ s x y x y y x y .  .ny1
 .  .3yn r ny1ny1. ny2. ny1.s y y y xy .  .
s yI I 3yn.rny1. , 71 .ny1 n
 .  .where we have used 36 to determine the I , which is just 55 withi
i s n y 1.
In general the equation to be solved for the ith characteristic is
du 2 i y n y 1 u 2 ui i iq1s q . 72 .
du n y 1 u n y 1 un n n
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 .  .We can write u in terms of ¨ i s i q 1, . . . , n y 1 and u . Thus 72iq1 i n
is always a linear equation in u . However, it is not at all obvious as to howi
the general formula for u can be determined as a repeated substitutioniq1
needs to be effected. With the use of a symbolic manipulation package for
w x.  .  .example, Mathematica 18 it can be verified, from 67 , that 55 holds.
 .  .For our purposes we simply demonstrate that 54 is a symmetry of 55 .
 .  .  .To this end we operate on 55 with the n y 1 st extension of 54 , viz.
Gw ny1x Ji
s Gw ny1x I I nq1y2 i.rny1. .i n
n q 1 y 2 i
w ny1x nq1y2 i.rny1. 2y2 i.rny1. w ny1xs G I I q I I G I .  .i n i n nn y 1
n q 1 y 2 i
2y2 i.rny1. w ny1x w ny1xs I G I I q I G I .  .n i n i nn y 1
 .  .2y2 i r ny1ny1.s y .
=
knyi y1 .
nyiyk . ny1yk .n y i y k x y . n y i y k ! .ks0
2k y n q 1
nyiyk . ny1yk .q x y /2
kny1n q 1 y 2 i y1 1 y n .
nyiyk . ny1yk .q x y /  / 5n y 1 n y i y k ! 2 .ks0
s 0. 73 .
Q.E.D.
Each of the integrals, J , has n y 1 symmetries with the ``algebra''i
 .n y 2 A [ G unless n is an odd integer in which case J has1 s nq2 nq1.r2
 .the ``algebra'' n y 1 A [ G . The algebraic properties follow directly1 s nq2
from the symmetries of the constituent linear integrals. The solution
 .symmetries are those apart from the two one if n is odd associated with
 .the two one integrals in the expression for J . We note that the structurei
given for the integrals is not unique. For example, we could equally use
I I , I I 1r3 and I Iy1r3 for y  i¨ . s 0.4 1 3 1 2 1
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6. CONCLUSION
In this paper we have treated at length the integrals and the algebras of
the symmetries associated with them in the case of scalar ordinary differ-
ential equations of maximal symmetry. The pattern for the general equa-
tion y n. s 0 has been established with the exception of a formula for the
integral associated with the symmetry ­r­ x of homogeneous degree n y 1.
To elaborate this formula does not appear to be a feasible proposition. We
have seen that the cases n s 2 and n s 3 are anomalous and that the
pattern is established at n s 4 when the only symmetries are of Cartan
form. However, there is still a distinction between equations of even and
odd degree of a number theoretic origin. In the context of linear equations
this problem has, in a sense, been the easier one since equations of
maximal symmetry are equivalent to y n. s 0 and so the solution symme-
tries are trivial to determine. This is not the case with linear equations of
lower symmetry, particularly in the case of the linear equation of least
symmetry. That one had to contend with the additional complications of
 .the sl 2, R subalgebra did compensate for the ease of solution of the
equations.
In the Introduction we promised a simple example to illustrate the
potential for application of the ideas and results contained in this paper.
We do this with the nonlinear equation
y0 q 3 yy9 q y3 s 0 74 .
 w x.which has been the object of many studies for example, 19]21 when the
three is replaced by a parameter, k. A first integral for this equation is
1 y xy
1 2I s x q . 75 .2 2y9 q y
w x  .Program LIE 16 shows that the first integral 75 has the three symme-
tries
­ ­
2 2 3 2G s yx y x y y y 2 y x q y x .  .1 ­ x ­ y
­ ­
2G s 1 y xy y y 1 y xy .  .2 ­ x ­ y
­ 3 ­
1 12 3 2 2G s y x q yx q 1 y 2 xy q y x 76 . .3 2 2  /­ x 2 ­ y
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  .incidently the calculation of the symmetries of 75 by LIE proceeds
 .considerably easier than those of 74 ; when one is at the limit of a
program's capability, this can make a great difference in the feasibility or
.otherwise of a calculation with the Lie Brackets
w xG , G s G1 2 2
w xG , G s G1 3 3
w xG , G s 0 77 .2 3
which is the same algebra as for the first integrals of Y 0 s 0 as was
mentioned in the Introduction. Consequently there exists a transformation
 .  . w xpoint in this case to transform 74 to Y 0 s 0. It is 22
x 1
1 2X s y x q , Y s x y . 78 .2 y y
 .The solution of the nonlinear equation 74 follows immediately from that
of Y 0 s 0.
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